This paper considers the robust stability bound problem of uncertain fractional-order systems. The system considered is subject either to a twonorm bounded uncertainty or to a infinity-norm bounded uncertainty. The robust stability bounds on the uncertainties are derived. The fact that these bounds are not exceeded guarantees that the asymptotical stability of the uncertain fractional-order systems is preserved when the nominal fractionalorder systems are already asymptotically stable. Simulation examples are given to demonstrate the effectiveness of the proposed theoretical results.
Introduction
Since many real-world physical systems in interdisciplinary fields can be elegantly described with the help of fractional derivatives [19] , [20] , [21] , [24] , [25] , [29] , [30] and fractional-order controllers have been designed and applied to enhance the robustness and performance of control systems including integer-order and fractional-order systems [10] , [27] , [42] , [43] , c 2014 Diogenes Co., Sofia pp. 136-153 , DOI: 10.2478/s13540-014-0159-3 fractional-order control systems have attracted growing attention and interest of physicists and engineers from an engineering application point of view recently [3] , [4] , [11] , [18] , [26] , [31] , [37] , [39] . For example, the initial condition problems of both Riemann-Liouville definition and Caputo definition for fractional differential were investigated from a physical point of view in [34] , [41] , [33] .
Stability analysis is important for fractional-order control systems [6] , [12] , [22] , [23] , [38] . Moreover, there exist some uncertainties in the fractional-order control systems due to uncertain physical parameters, parametrical variations in time and so on. Recently, some stability analysis results for the fractional-order systems with interval uncertainties [1] , [2] , [5] , [28] , [36] or polytopic uncertainties [8] , [9] have been presented. For example, the robust stability problem of fractional-order linear time-invariant(FO-LTI) interval systems described in the transfer function form was investigated in [36] . The robust stability problem of FO-LTI interval systems described in the state-space form was investigated and some sufficient conditions for robust stability were presented in [2] , [5] . In [1] , Ahn and Chen have presented the conclusion that the necessary and sufficient condition for robust stability of a fractional-order interval linear system with the fractional order α, 1 ≤ α < 2 is that there exist Hermitian matrices such that the complex Lyapunov inequalities are satisfied for all vertex matrices. In [16] and [17] , based on the linear matrix inequality technique, robust stability and stabilization problems of fractional-order interval systems were investigated and necessary and sufficient conditions for robust stability and stabilization were given. In [15] , sufficient conditions for the robust stability and stabilization of fractional-order linear time invariant interval systems with linear coupling relationships among the fractional-order, the system matrix and the input matrix were presented in the terms of linear matrix inequalities. In [14] , sufficient conditions for the robust stabilization of fractional-order uncertain systems by using observer-based control and static output feedback control were derived and the corresponding controllers were designed.
Assuming that the nominal fractional-order systems are already asymptotically stable, one can be interested in finding the robust stability bounds on the uncertainties in the presence of the uncertainties. To the best of our knowledge, there are few results dealing with the robust stability bound problem of uncertain fractional-order systems.
With the above motivation, this paper will investigate the robust stability bounds of uncertain fractional-order systems. The system considered is subject either to a two-norm bounded uncertainty or to a infinity-norm bounded uncertainty. The robust stability bounds on the uncertainties are derived. The fact that these bounds are not exceeded guarantees that the asymptotical stability of the uncertain fractional-order systems is preserved when the nominal fractional-order systems are already asymptotically stable. Simulation examples are given to demonstrate the effectiveness of the proposed theoretical results.
Notations:
We denote by M T the transpose of M , byM the conjugate of M , by M * the transpose conjugate of M , byz the conjugate of the scalar number z, by Re(z) its real part and by Im(z) its imaginary part. I n is the identity matrix of order n. Matrices, if not explicitly stated, are assumed to have appropriate dimensions. λ max {A} and σ max {A} denote the maximum eigenvalue and maximum singular value of matrix A, respectively. Note that σ max {A} is the 2-norm of A also denoted by A 2 . ⊗ is the Kronecker product of two matrices and (A⊗B)(C ⊗D) = (AC)⊗(BD). i denotes the imaginary unit. Sym {X} denotes the expression X T + X. The notation • stands for the symmetric component in a matrix.
Problem Formulation
Consider the following fractional-order linear time invariant system
where α is the fractional commensurate order of the system, x(t) ∈ R n denotes the pseudo-state vector (the name "pseudo state" is introduced in [35] , [33] , [32] , [40] ), the system matrix A ∈ R n×n is a nominal known matrix and ΔA ∈ R n×n is an additive uncertainty.
dt α is the fractional differential operator of order α (proposed results are valid for both RiemannLiouville definition and Caputo definition [30] ). Firstly, the uncertainty ΔA is assumed to be the 2-norm bounded uncertainty with the following form:
where D ∈ R n×p and E ∈ R q×n are known real constant matrices, F ∈ R p×q is an uncertain matrix satisfying
Secondly, the uncertainty ΔA is assumed to be the infinity-norm bounded uncertainty with the following form:
where E i ∈ R n×n , ∀i ∈ {1, 2, . . . , m} is a known real constant matrix that specifies which entries of A are affected by δ i , and
is an uncertain scalar parameter satisfying
Our objective in this paper is to find the robust stability bounds ρ and δ max of the uncertain fractional-order system (2.1) such that the uncertain fractional-order system (2.1) is robust asymptotically stable when the nominal fractional-order system
To proceed, we need the following lemmas.
) is asymptotically stable if and only if there exists a positive definite Hermitian matrix
X = X * > 0, X ∈ C n×n such that (rX +rX) T A T + A(rX +rX) < 0, (2.6) where r = e θi . Lemma 2.2. [8] [35] Let A ∈ R n×n , 1 ≤ α < 2 and θ = π − α π 2 . The fractional-order system d α x(t) dt α = Ax(t
) is asymptotically stable if and only if there exists a positive definite matrix
Remark 2.1. The uncertain system description (2.1) and (2.2) is common and important in the field of robust control because a linear interconnection of a nominal plant with the uncertainty F will lead to the uncertain system description (2.1) and (2.2), and there are many physical systems in which the uncertainty can be modeled by (2.2), e.g., systems satisfying the matching conditions [13] .
Robust Stability Bounds

Robust stability bounds for the unstructured uncertainty case
If 0 < α < 1 and the nominal fractional-order system
is asymptotically stable, then it follows from Lemma 2.1 that for any nonsingular Γ ∈ R n×n , there exists a positive definite Hermitian matrix
where r = e θi . Here, the following theorem can be obtained.
Theorem 3.1. Suppose that 0 < α < 1 and the nominal fractionalorder system 
where Γ, X, and Ω(A 0 , X, Γ) satisfy (3.1), and
It follows from the inequality (3.4) that
It follows from (3.7) and Lemma 2.1 that the fractional-order system
is asymptotically stable, which is equivalent to that the uncertain fractional-order system (2.1) with the 2-norm bounded uncertainty described by (2.2) and (2.3) is robust asymptotically stable. This ends the proof.
2
If 1 ≤ α < 2 and the nominal fractional-order system
where
Here, similar to Theorem 3.1, the following theorem can be obtained. 9) where Γ, X, and U (A 0 , X, Γ) satisfy (3.8) , and
Theorem 3.2. Suppose that 1 ≤ α < 2 and the nominal fractionalorder system
d α x(t) dt α = A 0 x
(t) is asymptotically stable. The uncertain fractional-order system (2.1) with the 2-norm bounded uncertainty described by (2.2) and (2.3) is robust asymptotically stable if
F 2 = σ max (F ) < ρ and ρ = 1 2σ max (V T (A 0 , X, Γ) (Θ ⊗ (Γ −T E T ))) σ max ((I 2 ⊗ (D T Γ T X)) V (A 0 , X, Γ)) ,(3.V (A 0 , X, Γ)V T (A 0 , X, Γ) = [−U (A 0 , X, Γ)] −1 .
Robust stability bounds for the infinity-norm bounded uncertainty case
Here, we will consider the case that ΔA is the infinity-norm bounded uncertainty described by (2.4) and (2.5) and present the following theorems. 
(t) is asymptotically stable. The uncertain fractional-order system (2.1) with the infinity-norm bounded uncertainty described by (2.4) and (2.5) is robust asymptotically stable if |δ
(3.12) It follows from the inequality (3.12) that
14) and then
Inequality (3.15) is equivalent to
It follows from (3.16) and Lemma 2.1 that the fractional-order system
is asymptotically stable, which is equivalent to that the uncertain fractional-order system (2.1) with the infinitynorm bounded uncertainty described by (2.4) 
17) where Γ, X, and U (A 0 , X, Γ) satisfy (3.8) , and
Remark 3.1. It is proved in [8] that the matrix (rX + rX) is real and invertible. So the linear matrix inequality (3.1) is also real.
Remark 3.2. Obviously, the results obtained in Theorem 3.1-3.4 depend on the nonsingular matrix Γ and matrix X. Because the solution of (2.6) or (2.7) is not unique, we can use the flexibility offered by Γ and X to get less conservative result. The flexibility offered by Γ is used further in Section 4 to improve the value of the bound. The idea of introducing a free parameter matrix in the expression of a robustness bound is not new. Several examples can be found in the literature, especially for the Lyapunov approach. The reader can refer to References [44] where significant reduction of the conservatism of Lyapunov robust stability bounds is achieved in this way.
Numerical Examples
In this section, several numerical examples are given to illustrate the effectiveness of the proposed method. The predictor-corrector approach for the numerical solution of fractional differential equations [7] is used.
Example 4.1. Consider the uncertain fractional-order system (2.1) with the 2-norm bounded uncertainty described by (2.2) and (2.3), where the system parameters are given as We use Theorem 3.1 to obtain the following robust stability bounds for the uncertain fractional-order system (4.1): Table 1 . The robust stability bound ρ for different Γ Table 1 shows that the robust stability bounds for the uncertain fractional-order system (4.1) obtained by using We use Theorem 3.2 with Γ = I 4 to obtain that the robust stability bound for the uncertain fractional-order system (4.2) is ρ = 3.51. The Fig. 2 , which shows that x(t) asymptotically converges to zero. Example 4.3. Consider the uncertain fractional-order system (2.1) with the infinity-norm bounded uncertainty described by (2.4) and (2.5), where the system parameters are given as
We use Theorem 3.3 with Γ = I 3 to obtain that the robust stability bound for the uncertain fractional-order system (4.3) is δ max = 0.1074 The time response of a randomly selected system in the uncertain fractionalorder system (4.3) with δ 1 = δ 2 = 0.1 < δ max = 0.1074, that is,
is shown in Fig. 3 , which shows that x(t) asymptotically converges to zero. is shown in Fig. 4 , which shows that x(t) asymptotically converges to zero.
Conclusions
In this paper, we have investigated the robust stability bound problem of uncertain fractional-order systems. The system considered is subject either to a two-norm bounded uncertainty or to a infinity-norm bounded uncertainty. The robust stability bounds on the uncertainties have been presented. Simulation results have demonstrated the effectiveness of the proposed theoretical results. 
